Abstract. Smooth cubic 4-folds in P 5 containing a general pair of 2-planes are known to be rational. They form a family of codimension 2 in P 55 . We find a polynomial which encodes, for all d ≥ 3, the degrees of the loci of hypersurfaces in P 5 of degree d containing some plane-pair.
introduction
The Noether-Lefschetz theorem tells us that a surface of degree at least four is not supposed to contain curves besides its intersection with another surface. Asking surfaces of a given degree to contain say, a (few) line(s), or a conic, a twisted cubic, etc., defines subvarieties, the so called Noether-Lefschetz loci, in the appropriate projective space. There are polynomial formulas for their degrees, [4] , [14] .
Our motivation here stems from a tale told by Joe Harris we were fortunate to attend (cf. [9] ). The theme was the lack of knowledge about the rationality of cubic 4-folds in P 5 . As an elementary dimension count shows, a general cubic 4-fold F 3 ⊂ P 5 contains no plane P 2 ⊂ P 5 . Those F 3 that do contain some P 2 are easily seen to form a hypersurface in P 55 . Now the smooth cubic 4-folds containing two disjoint planes are known to form a family (of dimension 53) of rational hypersurfaces. Indeed, through a general point of such hypersurface F , there is exactly one line which meets both planes; conversely, given a choice of a point on each plane, the line joining them meets F in a third point, thus establishing a birational map F P 2 × P 2 . See [11, 1.33, p. 24] .
Our aim is to find the degree of the family of cubic 4-folds containing some pair of disjoint planes in P 5 . In fact, the answer is given by a polynomial in d which encodes, for each d ≥ 3, the degree of the locus of hypersurfaces in P 5 of degree d containing some plane-pair, cf. (2). A naïve, direct application of the formula of double points gives a wrong answer, 5 752 908, instead of 3 371 760, presently dedicated to Xavier. In fact, it turns out that the cubic 4-folds containing some pair of incident planes contribute a full component to the double point locus. Ditto for those containing a pair of planes meeting along a line.
We employ the tools pioneered by Geir Ellingsrud and Stein A. Strømme, cf. [6] and masterfully used by Maxim Kontsevich in [12] .
Let us summarize the main construction. Write G for the Grassmann variety of planes in P 5 . The family of plane-pairs can be parameterized by a double blowup X → X → G×G, first along the diagonal, then along the strict transform of the locus of plane-pairs containing a line. The resulting variety X comes equipped with vector bundles V d , d ≥ 2. The fiber of V d over each q ∈ X is equal to the vector space of homogeneous polynomials of degree d lying in the ideal of the plane-pair q (or a flat specialization thereof). There are natural C -actions with finitely many explicit fixed points in X. Bott's formula applies to compute the answers for as many values of d as needed to interpolate and find an explicit polynomial. The a priori polynomial nature of the answers is deduced from Grothendieck-Riemann-Roch. 
A little calculation shows that in the affine neighborhood of the grassmannian of planes in P
5
defined by
there are 162 planes contained in F 3 , e.g.,
2.2. Cubic 4-folds in P 5 depend on Hence we get a P 45 -bundle over the grassmannian G=Gr [2, 5] ,
The dimension of the total space is 54. We expect and get a hypersurface in P 55 consisting of cubic 4-folds which contain some P 2 ⊂ P 5 . This comes from an argument of CastelnuovoMumford regularity (cf. [5] 
In particular, cubic 4−folds containing some P 2 in P 5 form a hypersurface in P 55 of degree 3402.
Proof. Consider the tautological exact sequence of vector bundles over the grassmannian G,
where F stands for the trivial bundle with fiber H 0 (P 5 , O P 5 (1)) whereas S is the subbundle of rank 3 with fiber over each p ∈ G equal to the space of linear forms cutting the plane p := P 2 in
The fiber of the quotient bundle is Q p = H 0 (P 2 , O P 2 (1)). Taking symmetric power, we get the exact sequence
Here ρ stands for the map which sends homogeneous forms of degree d in P 5 to their restrictions to a varying P 2 ⊂ P 5 . The fiber of S (d) over p ∈ G is equal to the space of forms of degree d lying in the homogeneous ideal of the plane p in P 5 . The projectivization P(
is the hyperplane class. By the projection formula, we have deg
. Pushing forward via the structure map P(S (d) ) → G, it reduces to the calculation of the Segre class:
The latter is equal to G c 9 (Sym d Q) in view of the above exact sequence. With the help of Katz & Strømme's Schubert package (see [10] ) we get the formula. Here is a script for Macaulay2 [8] :
; f=g/oo ; toString factor f sub(denominator f,ZZ) toString factor oo 2.3. Double point formula. In view of the formula in 2.2.1, given two general cubic 4-folds f 1 , f 2 there are 3402 elements in the pencil of cubics α 1 f 1 + α 2 f 2 which contain some 2-plane P 2 ⊂ P 5 . Likewise, given a general net of cubic 4-folds, we ask now for the number of its members which contain two 2-planes.
Let ϕ : X m → Y n be a map of varieties of dimensions m, n. The double point locus, D(ϕ), is defined as the closure in X of {x ∈ X | ∃x = x, with ϕ(x) = ϕ(x )}.
Under mild conditions, the above is the support of a cycle in the Chow group, expressed by the double point formula,
Here T ϕ = T X − ϕ T Y , the virtual normal bundle, cf. [7, p. 166, 9 .3], [13] .
With notation as in 2.2.1, try and apply the double point formula to
The map P(S But. . . It turns out that D(ϕ) is reducible. The point is that, when the two planes are in special position, they impose less conditions on the linear system of cubics. We recall from [5] the following regularity bound.
2.3.1. Lemma. The Castelnuovo-Mumford regularity of the saturated homogeneous ideal of a union of r ≥ 2 subspaces is at most r.
Consider the correspondence
. Now Z decomposes into pieces corresponding to the relative position of the plane-pair as we now describe.
• 2 general planes, e.g., q 1 :
The homogeneous ideal is generated by the nine quadrics
Recall the Hilbert polynomial, P (t) = 2 + 3t + t 2 = 2 t+2 2 measures, for all t beyond the regularity, the number of independent conditions imposed on hypersurfaces of degree t to lie in the homogeneous ideal of q 1,2 . Thus, the dimension of the fiber of Z over such plane pair is 55 − 2 • 2 planes meeting at a point; these form a hypersurface in G×G. Now the homogeneous ideal is of the form x 0 , x 1 x 3 , x 1 x 4 , x 2 x 3 , x 2 x 4 . Its Hilbert polynomial is P (t) = 1 + 3t + t 2 ; hence the fiber of Z has dimension 36. We get again a component of dimension 53.
• 2 planes through a line in P 5 . The homogeneous ideal is of the form x 0 , x 1 , x 2 x 3 . These planepairs vary in a subvariety of G×G of codimension 4. The Hilbert polynomial is P (t) = 1+2t+t
2 . Thus we find a component of Z of dimension = 14 + 55 − 16 = 53.
So, that's a situation where diminishing the dimension of the base is compensated by an equal increase in the dimension of the fiber.
It follows that the locus in P 55 consisting of cubic 4-folds which contain a plane-pair in P 5 is of dimension 53. Hence we may conclude that the map (p, F 3 ) ϕ → F 3 is generically injective and its double point locus receives contribution from the three configurations as described above.
In order to find the degree of the closure of the "good" locus corresponding to two general planes, we shall pursue below a different route. It amounts to building a smooth 2:1 cover of the component of the Hilbert scheme of unions of 2-planes in P 5 .
3. parameter space for unions of 2-planes in P
5
Start with G × G, the variety of ordered plane-pairs. Define S = { plane-pairs with a common line }.
Let G be the blowup of the diagonal D in G × G. One checks that, though S is singular along D, its strict transform S ⊂ G is smooth. It is isomorphic to a natural P 3 ×P 3 -bundle over G(2, 6) = Gr [1, 5] , the grassmannian of lines in P 5 , blown-up along its diagonal.
We have dim S = dim S = 14. Let G be the blowup of G along S. Then G parameterizes a flat family with general member the union of two general planes in P 5 . In other words, there is a surjective map G −→ H, where H denotes the Hilbert scheme component of unions of two planes in P 5 . See [3] for the case of pairs of subspaces of codimension 2.
The verification of the assertions above can be done using local coordinates. Instead of working with G×G, we may fix the 2-plane p 0 := x 0 , x 1 , x 2 and consider the variable 2-plane p a as in (1), where the a i,j stand for affine coordinates in G around p 0 . Equations for the fiber of S over p 0 are given by the 5×5 minors of the 6×6 matrix of the system p 0 = p a = 0. It's the same as the ideal J of the 2×2 minors of p a = 0 alone. One sees at once that this is singular precisely at the origin, i.e., p 0 : a i,j = 0, i, j = 1, 2, 3. Blowing up the diagonal means now blowing up G at p 0 . We choose a 3,3 as the local generator of the exceptional ideal and write 1 a 3,3 , . . . , a 3,2 = b 3,2 a 3,3 , the 8 relations for the blowup
are affine coordinates up in the blowup A 9 . Let J be the ideal generated by J upstairs, i.e., upon plugging in the relations a i,j = a 3,3 b i,j . We find that J = (a 3,3 ) 2 J , with
. This is the ideal of the (fiber over p 0 of the) strict transform S up in the blowup of G × G along the diagonal. Given a plane-pair (q 1 , q 2 ) ∈ S, the intersection q 1 ∩ q 2 is a line provided q 1 = q 2 . Thus the rational map S Gr[1, 5] (q 1 , q 2 ) −→ q 1 ∩ q 2 is a morphism off the diagonal D. We claim that it induces a morphism λ : S −→ Gr [1, 5] . Indeed, the lifted linear system p 0 = p a = 0 restricted to S yields the system p 0 : x 0 = x 1 = x 2 = b 3,1 x 3 + b 3,2 x 4 + x 5 = 0 from which we infer there is always a well defined line lying on both planes. The morphism λ lifts to yield a map λ to the natural P 3 ×P 3 -bundle U over Gr [1, 5] defined by picking a pair of 2-planes through a line ∈ Gr [1, 5] ,
One also checks that λ actually induces an isomorphism λ : S −→ U where U denotes the blowup of the relative diagonal (q 1 = q 2 ) in U.
Set for short
, the space of homogeneous polynomials of degree d. There is a natural rational map
defined by multiplying the 3-dimensional subspaces q i ⊂ F of linear polynomials. The scheme of indeterminacy of µ is equal to S. It lifts to a rational map G Gr(9, F 2 ) with scheme of indeterminacy equal to S. Let G be the blowup of G along S. We obtain a morphism µ : G −→ Gr(9, F 2 ) Over G, for each degree d ≥ 2, there is a vector subbundle V d ⊂ F d of the trivial bundle of homogeneous polynomials of degree d such that:
• The fiber of V d over a plane-pair p 1,2 ∈ G is the space of equations of hypersurfaces of degree d containing p 1,2 ;
is the variety of hypersurfaces containing a (flat specialization of a) plane-pair.
The variety G inherits a C -action, with (a lot:-) of isolated fix points. The vector bundles V d → G are equivariant. Bott localization (cf. [6, §2] , [15] , [1] , [2] ) applies, enabling us to find the degree of
Using Maple, in the flavor explained by Meurer [15] we are able to integrate and find, e.g., for d = 3, the value deg W 3 = 3 371 760, not in agreement with the double point formula.
An argument employing Grothendieck-Riemann-Roch (cf. [4] ) shows that there is a formula for the degree of W d ⊂ PF d as a polynomial in d. Actually we got by interpolation the following polynomial of degree 54 (cf. [16] for a script): There are three other known families of rational cubic 4 folds: impose F 3 to contain either a Del Pezzo of degree 5 or a scroll of degree 4 (2 types) in P 5 (cf. [11] ). It would be nice to find their degrees. The difficulty lies in describing appropriate parameter spaces for those families of surfaces.
